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QUANTIZATION OF CANONICAL CONES OF ALGEBRAIC 

CURVES 

B. ENRIQUEZ AND A. ODESSKII 


Abstract. We introduce a quantization of the graded algebra of functions 
on the canonical cone of an algebraic curve C, based on the theory of formal 
pseudodifferential operators. When C is a complex curve with Poincare uni- 
formization, we propose another, equivalent construction, based on the work 
of Cohen-Manin-Zagier on Rankin-Cohen brackets. We give a presentation of 
the quantum algebra when C is a rational curve, and discuss the problem of 
constructing algebraically ” differential liftings”. 


Introduction. To any pair (C, D) of a curve and an effective divisor are asso¬ 
ciated the morphism C —> P K(D))*), where K is the canonical bundle 
of C, and the corresponding cone Cone(C Y , D) C H°(C,K(D))*. The function 
algebra of this cone is a graded algebra with Poisson structure. The purpose of 
this paper is to construct a quantization of this algebra. We will propose two 
equivalent solutions of this problem: 

(1) a solution based on the theory of formal pseudodifferential operators (Sec¬ 
tion Hi). Here the base held may be any algebraically closed held k of characteristic 
zero. We show that the function algebras on Cone(C', D), as well as their quan¬ 
tizations, are functorial in the pair (C,D) (Section |2.4|) . We also show (Section 
|2.3| ) that this construction can be twisted by a ’’generalized line bundle”, i.e., an 
element of {divisors with coefficients in k}/ linear equivalence. 

(2) when the base held in C, we also present an analytic approach using 
Poincare uniformization (Section (|). This solution uses the results of || on 
Rankin-Cohen brackets (see also ||). 

In Section |3|. we give a presentation of the quantum algebra, when C is a 
rational curve. 

In Section^, we discuss the problem of constructing local, or differential, liftings 
from the classical algebra to the algebra of pseudodifferential operators. We show 
that Poincare uniformization provides such liftings, in the analytic framework. 
We also discuss this problem in the algebraic framework. 

In Section []. we discuss possible relations with the elliptic algebras of ||, 
with Kontsevich quantization and with the problem of quantizing the Beauvillc 
hamiltonians of [!2|]. 

1. Poisson algebras associated with canonical cones of curves 


i 
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1.1. Let C be a smooth, projective, connected complex curve (the construc¬ 
tions of this section can be generalized to the case where the base held is any 
algebraically closed held of characteristic zero). Let K be its canonical bundle. 
Let D be an effective divisor of C; we set D = ^p GC hp.P, where each dp is an 
integer > 0 and all but finitely many dp are zero. To these data is attached the 
morphism 

C -»• P (H°(C,K(D))*) 

and the cone Cone(C\ D) , which is the preimage of C by the map H°(C, K(D))* —» 
P K(D))*). When D — 0, Cone(C', D) is the canonical cone of C. To each 
pair D > D' is attached a morphism of cones Con e(C,D) —> Con e(C,D r ). 

Moreover, the function ring of Con e(C, D) is a Poisson algebra. As an algebra, 
this is the graded ring 

A {D) = (1) 

i>0 

we will denote by A\ d ^ the part of AW) of degree i. For each D, we have an 
inclusion of graded rings AW) C A rat , where 

A rat = (rational i -differentials on C}. 

i> o 

We will dehne a Poisson structure on A rat , which induces a Poisson structure on 
each A^ D \ For this, we will choose a nonzero rational differential a on C, and 
dehne a Poisson structure {, } a ; then we will show that this bracket is independent 
on the choice of a. 

Let us denote by V“ the meromorphic connection on A'®*, such that if u is a 
rational section of K then 

V Q (w) = of d{tjj / of). 

Then we set, for u,uj' homogeneous of degrees i,i', 

{oj,oj'} a = i'oj'W a (uj ) — iujV a {oj'). 

Proposition 1.1. The bracket {, }„ is independent on a. We denote it by {,}. 
It is a Poisson bracket on A rat , taking A[ at (8) Aj at to A( a h +1 . It restricts to a 
Poisson bracket on A^ D \ When the effective divisors D i and D 2 are linearly 
equivalent, the algebras A^ 0 ^ and AW 2 ) are isomorphic as graded algebras and as 
Poisson algebras. 

Proof. Let us prove the independence on a. Let f3 be another differential. We 
have f3 = Fa , for F a nonzero element of C (C) (the held of rational functions on 
C ). Then if uj is a rational section of A"®*, we get 

d F 

VV) = V Q (w) -i— UJ, 

r 
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SO 

jp 

{uo,uo'}p = i'to'\/ i3 (to)—iu\/' 3 (to') = i'uo'{y a {uo)—i-ppto) — ((a;, i) <-+ (a/,?')) = {to, to' 

as —ii'uouo'^f is symmetric under the exchange (a;,*) (a/,*'), so {to,to'}p = 

{to,uo'} a . We then define {to,to'} as the common value of all {a;, a/} a . 

It is easy to check that for any a, {, } Q satisfies the Poisson bracket axioms, so 
the same is true for {, }. 

Let us show that {A[ D \ A^} C A^ ;+1 . For this, we show that if to (resp., to') 
has a pole at P of order < i5p (resp., i'Sp), then {a;, a;'} has a pole at P of order 
< deg({<v, to'})8p = (i + i' + l)5p. Let ap be a rational differential on C , such 
that P is neither a zero nor a pole of ap. Then {to,to’} = {to,to’} ap . The terms 
of order (* + i')8p + 1 cancel each other, so the order of the pole of {to,to'} ap at 
P is < (i + i')8 P . Since (i + i')8 P < (i + i' + l)h P , we get {A[ D \ A C A\+} l+v 
Finally, if D 1 — D 2 = (/), where / £ C(C) X , then the zth component A\ Dl ^ —> 
A- 1?2) of the isomorphism A^ D A —> takes a; £ H°(C, KiDA® 1 ) to uP £ 

H°(C,K{D 2 )® i ). □ 

Then the natural morphism ) A(' D ' ) attached to D > D' is a Poisson 

algebra morphism, so Cone(C Y , D ) —> Cone(C, Z)') is a Poisson morphism. 

Moreover, one can describe the structure of symplectic leaves of Cone(C', D). 
Let us denote by Supp(D) the support {P £ C\5p ^ 0} of D. 

Proposition 1.2. There exists a finite subset D' of C, such that Supp(H) C 
D' C Supp(H) U { Weierstrass points of C}, with the following property. The 
symplectic leaves of Cone(C, D) are of two types: 

- each point of the preimage of D' by Con e(C, D) —> C is a 0-dimensional 
symplectic leaf, as is the origin ofCone(C,D) 

- the preimage of C — D’ by Con e(C,D) —> C is an open 2-dimensional sym¬ 
plectic leaf. 

When C is generic, D = D'. 

Proof. In the proof of Proposition |L1| , {u;,u/} has a pole of order (i + i')8p, 
so then 5p > 0, this order is < (i + i! + l)<5p. If we view a k -differential w as a 
function on Cone(C', D), then the coefficient of the singularity of order kdp at P 
should be viewed as the value of w at a point of the line of Cone(C', D) above P. 
So {u;,c</} vanishes at P when 5p > 0. 

The elements of D' — D are the points P such that if a section of Af 3,0 ' 1 vanishes 

at P, then it vanishes at P with order 2. Let (ni,... ,n g ) be the Weierstrass 

sequence of P; this sequence is defined by the condition that ri\ < ■ ■ ■ < n g , 

and there exists a basis of regular differentials, with zeroes of order n l5 ... ,n g 

at P. At a non-Weierstrass point, the sequence is (0,... , g — 1). Generic curves 

only have regular Weierstrass points, i.e., with sequence (0,... ,g — 2,g). In both 

// 0 \ 

cases, these exist forms u, u / £ A\ , such that {to, to'} does not vanish at P. □ 
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If B is an algebra, equipped with a decreasing filtration B = B^ D D ■ ■ ■ 
(i.e., we have B^B^ C then its associated graded gr (B) = ®i>qB^/B^ 1 ^ 

has a graded ring structure. Moreover, if gr (B) commutative, then it has a natu¬ 
ral Poisson structure of degree 1: for x G gr,(£>), y G gr 'j(B), we define {x,y} as 
the class of [x,y\ in gr i+ j +1 (B), where T, y are any lifts of x, y in B^\B^\ We 
then say that B is a quantization of the Poisson algebra gr (B). 

By a quantization of the Poisson algebra A^ D \ we therefore understand an 
algebra B^ D \ together with a decreasing ring filtration, whose associated graded 
ring is commutative, and together with an isomorphism gr (B^) —> A^ of 
graded algebras, which is also a Poisson isomorphism. 

The purpose of this paper is to construct a quantization of the Poisson algebra 
©• Before we explain various forms of this construction, let us describe some 
examples of the Poisson rings ([!]) explicitly in the case D = 0 (then the algebra 
AW 

is simply denoted A). We do not know how to quantize the isomorphisms 
A( D i) —> A^ D2 \ where D\ and Do are linearly equivalent. 

1.2. Explicit form of the Poisson ring A for genus 3,4,5. Let us first 
describe the graded algebra structure of A. We have dim(H 0 ) = 1, and dim(Hi) = 
g, where g is the genus of C. Moreover, the natural map S*(Hi) —> A is surjective 
when C is not hyperclliptic (see |J). However, the injection C K )*) 

is a complete intersection only when g = 3,4,5 and C is not hyperelliptic. In 
these cases, the kernel of S'*(Hi) —> A is the ideal generated by homogeneous 
elements Q i,... , Q g - 2 . When g = 3, Q\ = Q is homogeneous of degree 4; when 
g — 4, Qi,Q 2 may be taken homogeneous of degree 2 and 3, and when g = 5, 
QhQziQz may all be taken homogeneous of degree 2 (see ||). 

In all these cases, S"(H 1 ) may be equipped with a Poisson bracket, such that 
the morphism S'*(H 1 ) —> A is Poisson; in other words, the injection Cone(C') 
H°(C,K)* is a Poisson morphism. The Poisson structure on S*(Ai) may be 
described explicitly as follows (see [§). 

Let xi,... , x g be a basis of Hi, then the Poisson structure on S'*(Hi) is obtained 
by the rule 

df A dg A x 

if,9} = ---, 

where y = dQ 1 A- • -AdQ g -2 and u; t o P = dx 1 A- • -A dx g . The elements Q 1 ,... , Q g -2 
are Poisson central for this structure, so there exists a unique Poisson structure 
on H, such that S*(Hi) —> H is Poisson. For example, when g = 3, the Poisson 
structure is defined by the relations 

{xi,x 2 } = d X3 Q, {x 2 ,xo} = d xl Q, {x 3 ,;ci} = d X2 Q\ 

in general, the brackets have the form {xi ,Xj} = P t] {x \,... ,x g ), where the P ig 
are homogeneous of degree 3. 
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2. Quantization based on formal pseudodifferential operators 

2.1. Outline of the construction. Our main tool is the general construction 
of the algebra of formal pseudo differential operators T DO (P, d) associated to 
any differential ring (R,d). We will define the filtered algebra B as an algebra 
of formal pseudodifferential operators on C, which are regular on C. We proceed 
as follows. To any rational, nonzero vector held X on C, we associate a filtered 
algebra B ]of rational pseudodifferential operators on C. The construction of 
this algebra involves X, but we construct canonical isomorphisms 


•rat 

l X,Y 


D rat 

B x 


zprat 

By 


for any pair (X, Y) of nonzero rational vector fields. One can show that B™* is a 
quantization of the Poisson algebra A rat . 

In Section |2.2.4| , we give a canonical construction of the algebra indepen¬ 


dent of the choice of a nonzero vector held A". 

If z is a formal variable, T DO(C((Q), J 7 ) is the algebra of formal pseudo¬ 
differential operators on the formal punctered disc. This algebra contains the 
subalgebra TDO(C[[^]], of operators, regular at the origin. For any integer 
S > 0, we also construct an intermediate algebra T DO(C[[z]], z s J^). 

Then for any point P of C, let /Cp be the completed local held of C at P, and 
let Op C /Cp be its completed local ring. If zp is a local coordinate at P, we have 


/Cp = C((z p )), Op = C[[z P ]]. 

We set T DO (tC P , z P ) := T DO(C(M), £), T DO (O p , z P ) := T DO(C[[z P ]], 
and vhDO (Op,z P )M := T DO(C[M, (z P ) Sp ^). 

If P is any point of C, Laurent expansion of formal pseudodifferential operators 
at P yields a hltered ring morphism L Z p : Py* —> T DO(/Cp, £p)< 0 . Then we 
define B^ as the preimage of flpec ^ DO (Op, Zp)<^ by the ring morphism 


Y[ L Z p : Bf - J] * DO (/Cp, z P )< 0 

PeC pgC 

(the index < 0 means operators of degree < 0). One easily sees that this definition 
is independent of the choice of the collection of local coordintates (yp)p e c ■ In 
particular, when D = 0, By = Bjp consists of all rational pseudodifferential 
operators on C , which are regular at any point of C. We will prove: 


Theorem 2.1. 1) The canonical isomorphisms i T fi tj Y Testrict to canonical isomor¬ 
phisms of filtered algebras 


ix,Y ■ B ( P 


B 


(D) 

Y ■ 


2) The graded algebra gr(P\ D ' > ) is commutative, and as a Poisson algebra, it is 
isomorphic to A^ D >. 

3) For D > D', there are canonical morphisms B^ B^ ' of complete 

filtered algebras, quantizing the inclusion A^ ^ A^ D '^. 
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So for each D , the algebras B ^ are all isomorphic when the vector held X is 
changed, and they are quantizations of the Poisson algebra A^ D \ 


Remark 1. One can prove that if one repeats this construction without restricting 
it to operators of degree < 0 , the resulting algebra is the same as B x '■ all regular 
pseudo differential operators on C are of degree < 0, because there are no nonzero 
sections of K(D )® 1 for * < 0 (the genus of C is > 1). 


2.2. Details of the construction. We will first present all details of the con¬ 
struction when D = 0. So all superscripts (D) will be dropped. In Section |2.2.(j| , 
we explain the modifications of the construction in the case of a general D. 


2.2.1. The algebras T DO (R, d ). Let R be a commutative ring with unit and let 
<9 be a derivation of R. Following 1.0, define DO(i?, d ) as the space of all 
formal linear combinations a iD l d , where for each i, cq G R and cq = 0 for i 
large enough. T DO (R, d ) is equipped with the associative product 

= £ (£ C+]- k ) 

■zez iez feez i,je z ' ' 

Say that cl^Dq has degree < n if a, = 0 when i > n, and define T DO(i?, d)< n 
as the subspace of T DO(i?, d ) of all operators of degree < n. Then T DO(i?, d ) 
is a filtered ring. Its associated graded is f?[£,£ -1 ]. We will be interested in its 
subring fDO(i?,9)<o- It is also filtered, with associated graded More¬ 

over, both T DO(i?, d) and T DO(l?, <9)<o are complete for the topology defined 
by the family (T DO(.R, < 9 )<_ n ) n= 0 ,i, 2 ,...- 

2.2.2. Functoriality properties of the rings T DO (R,d) and T DO(i?, <9)<o- The 
following statements are immediate: 

Lemma 2.1. 1) Let (R,d) be a differential ring, and let f e R x (so f is an 
invertible element of R). Set & = fd, then d' is a derivation of R. We have for 
any i, (f^Dgi) 1 e DO(.R, d')<i, so if ( af)i & z is a sequence of elements of R, 
such that at = 0 for i large enough, the sequence converges in 

T DO (R,d f ). Then there is a unique isomorphism 

i d p : TDO (R,d) -*• TDO(9?,a') 

of complete filtered algebras, taking each series to Yhi& ai ^f~ l Dd') 1 ■ 

We have then id’,a" ° ia,& — ia,d" ■ 

2) Let p : ( R,8r ) —> {S,ds) be a morphism of differential rings (i.e., p is a 
ring morphism and 3$ o p = p ° d R ). Then there is a unique morphism 

T DO (p) : T DO(R, d R ) -»• T DO(5, d s ), 

taking each 'ff i ^i a iD l dR to 'ff i& iP{cbi)D' l ds . $ DO(/i) is a morphism of complete 
filtered algebras and we have T DO(z/o p) = T DO(n)oT DO (p) for any morphism 
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v : (S, ds) —■> (T, dr) of differential rings. In other words, 

(R,d) ^ TDO(P,<9) 

is a functor from the category of differential rings to that of filtered complete 
algebras. 


2.2.3. Construction of B\- Let C be a curve, and let C(C) be its field of rational 
functions. Let X be a nonzero rational vector field on C\ X may be viewed as a 
nonzero derivation of C(C). We set 


Bf = VDO(C(C),X)< 0 . 

If Y is another nonzero vector field on C, then there exists a unique / G C(C) X , 
such that Y = fX. Applying Lemma |2.1|. 1), we get an isomorphism 


of complete filtered rings. 

On the other hand, if Fed, then for any local coordinate Zp at P, is a 
derivation of /C p, preserving Op. we set 

r\ r\ 

vfi DO(/Cp, z P ) := 'b DO (K P , —) and T DO (O p , z P ) := T DO (O p , —). 

OZp OZp 

By functoriality, we have then an inclusion T DO (Op,zp) C \b DO(/Cp, zp). 
Moreover, if z' P is another local coordinate at P, the derivations and - 

are related by where tp belongs to Of, so Lemma P~T] . 1), says that 

there is an isomophism i ZPiZ > : 'b DO (fCp,zp) —> T DO {JC p ,z' P ) of complete fil¬ 
tered algebras, restricting to an isomorphism \b DO((9p, zp) —> 'b DO (O p ,z P ), 
and such that i z > z >>, ° i zp , z ' p — C P ,z'p- 

Let us now define the Laurent expansion morphism 


L z P p :Bf^^DO(X P ,z P )< 0 . 

Since X is a nonzero vector field, its local expansion at P is X = X(zp)pp, with 
X(zp) G /Cp. The Laurent expansion map 

Ip : C(C) /Cp 

therefore induces a differential ring morphism (C(C),X) —> (/Cp, X(zp)gp), and 
so a morphism 

TDO(£p) : Bf - TDO(/Cp,X(zp)-^-)< 0 . 

OZp 

Composing it with the isomorphism 

r\ r\ 

i x{zp )-*- _e_ : $DO(/Cp,X(zp)—)< 0 - TDO(/C P , )< 0 = T DO(/C P , z P )< 0 , 

v ^'dzp'dzp OZp OZp 

we get a filtered ring morphism 

L z p p :P( Y at ^TDO(/Cp,zp)< 0 . 
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Finally, let us prove that the preimage by 

J] L e f : Bf - J] * DO (Kp, zp)< o 

Pec Pec 


of ^ DO(Op, Zp)<o is independent of the choice of the local coordinates 

( Zp)p e c : if ( z 'p)pec is any other choice of local coordinates, then 


L Z p =i^^o L Z p , 
dzp’dz'p 


( 2 ) 


and 


so 


* DO (Op, z' P )< o = i^_ _JL_ (T DO(Op, 4)<o), 


dzp’dz' p 


(U l p) 

PeC PeC PeC 2p 9zp PeC 


(n^)-'(n T D0((9p, 2p)< 0 ). 


PeC 


PeC 


2.2.4. Vector field-independent construction of the algebras B^. Let us define 
DO(C(C Y )) as the algebra of all rational differential operators on C. So DO(C(C)) 
is generated by i(f) G C(C), Dx, where X G Der(C(C)), and relations 

i(fd) = *(/)%), *(A) = A, [D x ,i(f)] = i(X(f )), 


[Dx, By] = D[ X ,y], Dfx = i(f)D x , (3) 

for /, g G C(C), X, F G Der(C(C)), A G C. We will denote *(/) simply by /, for 
/GC(C). 

DO(C(C)) may be localized with respect to the family of all D x , where X 
are all nonzero rational vector fields. The last of relations (|3|), together with 
the fact that Der(C(C)) is a 1-dimensional C((7)-vector space, implies that the 
localization of DO(C(C)) w.r.t. any D x , X G Der(C(C)) — {0}, coincides with its 
localization w.r.t. the family of all such D x ■ We denote by B iat the completion 
of this localized algebra w.r.t. the degree of formal pseudodifferential operators. 

Then L? rat contains DO(C(C)) as a subalgebra, as well as the additional gen¬ 
erators (Dx) -1 , X G Der(C(C)) — {0}. They satisfy, in particular, the relations 

(■ D f x r 1 = (Dx)" 1 /" 1 , 

for / G C(C) X and X G Der(C(C)) — {0}. If X is any nonzero vector field, the 
natural map 

i x : Bf -> 5 rat 

is therefore an isomorphism. The map i r fi tj Y : B™ 1 By * then coincides with 

(iy)— 1 ° ix- 
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2.2.5. Proof of Theorem \ 2. 1\ . Let us prove the first part of Theorem |2.1| . Let us 
emphasize the dependence of L Z p in X by denoting it 


-X,zp m o rat 


: Bx —>■ 'h DO(/Cp, z P )<Q. 


Then we have 


Bx = ( hi L r‘") (IT *DO(O f ,j p )). 

Now the composed map 


PeC 


Pec 


Bf ^ B™* L C T DO (JCp, zp)< o 


coincides with Lp‘ p . So 


Bx =(n l p zp ° 4 a v) _i ( n * ^)) 


= u 


= u 


Pec 

rat — 

x,y 

rat \ — 1 


PeC 

, -1 , 


X,Y) 


1 in^") (n* D °( £,f ’ ip i) 

PeC PeC 


x —r By t is an isomorphism of complete 


so Bx = (dxyO -1 (By )• Since i^y ■ B’f 1 —> By 1 
hltered algebras, it restricts to an isomorphism ixy : -By —>► L>y of complete 
filtered algebras. 

Let us now prove the second part of Theorem |2.1| . We will define a filtration 
on Bx ; then we will construct a graded linear map 


A reg : gr(5 x ) -»• A; 

we will prove that if the genus of C is > 1, A reg is a linear isomorphism, and 
finally that it is an isomorphism of Poisson algebras. 

(a) Filtration on B x . We set (Bx*) 1 = T DO(C(C), A")<_*, and 

(BxY = B X n (Bfy. 

So (Bx) 1 consists of all regular pseudodifferential operators on C of order < —i. 

(h) The map (B x ) l /(B x ) l+1 —> A- The natural map (B X ) 1 / (B X ) l+l —*- 
(B r x*) 1 /(B r x*) l+1 is injective, because ( B x )® D ( B ^ t ) l+1 = B x D ( B ^ t )* +1 = 
(B- y)* +1 - Moreover, there is a linear isomorphism 

: ( Bx t ) l /(B r y t y +1 —> {rational i -differentials on C}, (4) 


taking the class of Y^j>i a j(D X ) ^ to a^a 1 , where a is the rational differential 
inverse to A". We will prove 

Lemma 2.2. The restriction of Areg maps (B X ) 1 /(B x ) l+l to Ai = H°(C,K 0t ) C 
{rational i-differentials on C}. 
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Proof of Lemma. For any PeC, L Z p induces a linear map 

(Bfy/(Bfy +x - ^DO(/Cp,^)<_^DO(/Cp^p)<_,_ i; 
it restricts to a linear map 

(■ B x y/(B x ) i+1 -4fDO(Op,^)<_ i /lfDO(Op 1 2p)<_ j _ 1 . 


Now we have a linear isomorphism 

Ap :fD0(/Cp ) 2p)<_ i /$D0(K Pl zp)<_ i _ 1 - C((z P ))(dz P )®* 

restricting to an isomorphism 

d' D0(O P , 2: P )<_,/d' DO(O p ,z p )<_,_ 1 - C[[z P ]](^ P )» i 

and taking the class of 'f2j >i bjd~i to the class of bi(dzp)®' 1 , where bi corresponds 
to bi under KL p = C((z P )), and the diagram 

\(») 

(Byy/(B v yy +X {rational i -differentials} 

' I L z y I if 

'F DO(/C P , zp)<-i/^ DO(/C P , zp)<-i-\ C{{zp)){dz P )®‘ 


is commutative (the right vertical arrow if is the Laurent expansion on i- 
differentials at P). Then L z / maps {B X ) 1 / {B x ) l+l to 


T DO {Op, zp)<-i /T DO (Op, z P )<-i-!, 

so A p ) oLp p) maps ( B x ) 1 /(. B x ) l+1 to C[[zp]\(dzp)®' 1 . Therefore Are g ((-Bx)V(• B x ) l+1 ) 
is contained in the space of rational differentials on C, which are regular at each 
point of CJ] this space is precisely H°(C,K® 1 ) = Ap □ 

Being the restriction of an injective map, the map Areg : {B X ) 1 /(B x ) l+1 —> Ai 
induced by A^t is injective. We now prove: 

(c) The map Areg : (B x ) 1 /(B x ) l+1 —■» Ai is surjective. 

Let (aj)j=i,i+ 1 ,... be a collection of elements of C(O); let us write the necessary 
and sufficient conditions for djD x 3 to be a regular pseudodifferential opera¬ 
tor. For simplicity, we will assume that the form a = X~ l has no pole and 2g — 2 
distinct zeroes Q i,... , Q 2 g - 2 ; so the vector held X is nowhere vanishing and has 
simple poles at Q i,... , Q 2 g -2 • Let z a be a local coordinate at Q a . Then we have 
a local expansion at Q a 

r\ 

X = (— + element of C[[z a ]]) ——, 

-a 9z a 


where c a E C x ; so we have local expansions 


(D x )~i 


=>$M HOa/a ,.)- 1 + A+ ••• + AgLiMAy&J 


-2j+l 
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where . , ^j-i e C[[z Q ]] x , and A^-, A^- +1 ,... G C[[z a ]] (the constant 

terms of ... , A ^j-i ma Y be computed explicitly using binomial coefficients). 
Recall that D x is the generator of B r ffi corresponding to the vector held X, and 
Dd/\ Za is the generator of DO(K.Q a , z a ) corresponding to the vector held -p-. 

So the necessary and sufficient conditions on are: 

(a) a,j G C(C), and each a 3 is regular outside {Pi,... , P^g- 2 }; 

(b) (local conditions are each Q a , a — 1 ,... , 2g — 2) let us denote by a:j y ' 1 
the element of C((z Q )), obtained as the Laurent expansion of a 3 at Q a , then the 
formal series 

\(«)(G V„( a ) X (a) (y 4- \ (a) (y 

A i,i \ z a) a i > ^i+l,!+lv a ' a i+l ' A i,i+l\ z a) a i 1 

\( Q ) ( y \i+2 (a) 1 \(«) ( \i (a) , x(a) / y -2 (a) , 

A i+2,i+2\ z a) a i+2 "T" A i+l,j+ll z a) “i+i "r A i,i+2\ z a) ,CLC. 

should all be regular. 

This means that the formal series (dj°^)j=i,i+ 1 ,... should have the expansions: 

a i ^ — a i,i( z a ) ‘ + a i,i-l{ z a) * +1 + ' ' ' i 

a i+l = Ai+ i i i + 2(Uj- ^)(^ a ) ‘ 2 + Cp+l,i+l(^a) ‘ 1 + &i+l,i(Za) ' + ' ' ' , 

a i+2 — A+2,i+4(Oi+i)(^a) * 4 + A+2,i+3(Oi+i)(^a) * 3 
+ <Tj+2,i+2(^a) * 2 + Cp+2,i+l(^a) 4 1 + 

where the are arbitrary complex numbers, and the / i—> A k fif) are certain 
linear forms on (z a )~ k C[[z a ]\. 

These conditions can be translated as follows: 

(1) ciiX-* G H°{C,K & )] 

(2) Oi+i belongs to a (possibly empty) affine space over H°(C, K® 1+2 ), depend¬ 
ing on ay 

(3) a i+ 2 belongs to a (possibly empty) affine space over H°(C, K® 1+3 ), depend¬ 
ing on a i+ 1 , etc. 

We now prove that these affine spaces are all nonempty, and we describe the 
set of all possible (%)j>j. 

Lemma 2.3. Let i > 2 and j > 0. Define P can as the divisor Q\ + ■ ■ ■ + 
Q 2 g- 2 - Identify H°(C,K® 1 ) with the space {/ G C(C)|(/) > —iD can }, and 
H°(C,K® i (jD can )) mth{f G C(C)|(/) > -U+j)D can }. Then we have H°(C, K^) C 
P°(C, K®\jD c an )). Moreover, for a = 1,... ,2g - 2, and k = 1,... , j, define 
linear forms 

fi a , k :H°(C,K®\jD ca , n ))^C 
by the condition that the local expansion of f at Q a is 


fej2 + (^)- i c[[^]]. 



12 


B. ENRIQUEZ AND A. ODESSKII 


Then the sequence 

0 -> H°(C, K 0i ) -> H°(C, K^(jD can )) ® a ’4 a ' k C (29 ~ 2)j -> 0 (5) 

is exact. 

Proof of Lemma. This follows from the fact that if , Rjf) is any sequence 

of points of C, then 

h°(C, K®\R i + • • • + Re)) = h°(C, K® i {R 1 + • • • + R^)) + 1, 

because the degree of K® l (Ri + • • • + Re-i) is > 2 (g — 1). □ 

For any pair (i,j), let us choose a section a t j of the exact sequence (|D- So cqj 
is a linear map 

(Tij : H°(C, K & ) ^ H°(C , K®\jD can )), 

such that if / = crij((X a ,k)a,k), then for each (a, k ), we have 4>a,k(f) = A a ,k■ 

For any u G H°(C, K®*), we set 

cr(u) = (ai(u>),a i+ i(u>),...), 

where 

a,i(u) = uX~ l , 

a i +lM = cr i+l,l((A+l,i+2(Oj(^) (Q ))) a=li 2g _ 2 )), 

a i +2 (^) = O’ i+ 2,2 ( ( A+2,i+4(Oi+1 (^) (o) ), A+3,j+4(Oi+1 (^) ^ )) a= g >2g _ 2 ) ) j 

etc. Then a is a linear map 

a : H°(C,K® l ) -»■ 5^; 

it is a section of the canonical projection Areg : —> H°(C, K® 1 ). This proves 

that Areg is surjective. 

(d) The map A : gr(F?x) ^ A is an isomorphism of Poisson algebras. 

There is a unique Poisson structure on C(C')[£ _1 ], such that {f,g} = 0 and 

ir 1 ,/} = -x(/)r 2 

for f,g G C(C'). Then the map A rat : gr(B^ t ) —> C((7)[£ _1 ] is an isomorphism of 
Poisson algebras. Moreover, there is a unique inclusion A C(C')[^ _1 ], taking 
uj G H°(C,K® l ) to (a(recall that a ia~ l belongs to C(C)). This inclusion 
is a morphism of Poisson algebras. Then we have a commuting diagram 

p(B?) ^ C(C)[r 1 ] 

T T 

gr (B x ) ^ A 

Since all maps in this diagram except possibly A reg are Poisson algebra morphisms, 
and since the vertical arrows are injective, A reg is also a Poisson morphism. This 
ends the proof of Theorem [2. 1|. in the case D = 0. □ 
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2.2.6. The case of nonzero divisor D. We already defined the algebra B^\ using 
the vector held X and the collection of local coordinates (^p)p G c- We first prove: 


Lemma 2.4. is independent of the choice of (zp)p e c- 

Proof. If zp and z' P are local coordinates at P G C, we have an isomorphism 
Bp,z' p '■ 'h DO(/Cp, z P ) —► T DO(/Cp, z'p). After composing it with the isomor¬ 
phisms i_a_ , \Sp : T DO(/Cp, Zp) —> T DO(/Cp, (zp) Sp ^p~) and the inverse of 

0ZD A P) dziD OZp 


l a 


B*p>Vpr p B * 


dzp ' dzp 

in a : T DO {Kip, z'p 


T DO(/Cp, {z' P ) Sp orr), we get the isomorphism 




T DO(/C P , (z 


p) 5p 


d 


Now there exists ip G Op, such that ( zp) Sp = ip-(z P ) 5p -rff-, so i^ Zp y P _d_ a 

restricts to an isomorphism 

fDO(Op,z P ) (W -> TDO (0 P ,z' P )V p) . 


One uses this isomorphism in the same way as above to show that the algebra 
B ( y X> is independent on the choice of (zp)p e c- □ 

The behavior of B^ with respect to changes of the vector held X is proved 
as above. 

The filtration of B ^ is defined by ( B^) l = B^ 0 Then we prove: 

Lemma 2.5. The restriction of the map A^t defined by (fffi to (B^y/(B^) l+1 
maps to {A^)i C A™*. So A rat induces a Poisson morphism gr(B^) —> A^ D \ 

Proof. Any element of T DO (Op, (z P ) Sp has the expansion 

^ 1 a j ( Dd/dzp ) J j 
j>i 

with dj G (z P )~ jSp C[[z P }\ for any j > i. This implies that cpcd G H°(C , K(D)® 1 ). 

□ 


The other statements are proved as above, in particular, the analogue of Lemma 
273] holds because deg (K(D)) > deg (A). □ 


2.3. Twisting by generalized line bundles. If t G C, there is a unique con¬ 
tinuous automorphism of T DO(C((z)), J^), taking Dg/g z to Dg/g z — f and leaving 
0 hxed. We denote it by T z e Tz~ c . 

We denote by C C the group of all formal linear combinations XlpeC'W-P, 
where all Ap but a finite number are zero. We have a natural group morphism 
TjC —>■ C C. Moreover, the residue map is a group morphism res : C(C) X —> 7LC. 
The Picard group of C is defined as Pic(C) = Z C/ res(C(C) x ). Then there is an 
injection Pic(C') CC/res(C(C') x ) induced by 7LC ^ C C. We call elements 
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of C C ’’generalized divisors” and elements of CC'/res(C(C') x ) ’’generalized line 
bundles”. 

Let A = Xlpec be a generalized divisor. One can define an algebra 
of twisted pseudodifferential operators as follows 

B (C, D U = ( J-J L? yH JJ( Zp )A,„ D 0(C[[ 2p ]],( 2p )*O-L )M -V). 

PeC P&C p 

Conjugation by a rational function sets up an isomorphism between and 

b(C,d),\ ^ ^ y p near jy equivalent generalized divisors (i.e., differing by an 

element of res(C(C) x )). On the other hand, one can repeat the proof of Theorem 
[2.1| to prove that the B^' D ^ X are quantizations of A ( ' C,D ' > for any A. 

2.4. Functoriality in ( C,D ). In this section, we emphazise the dependence of 
the algebras A, A^ D \ Bx, in the curve C by denoting them A^ c \ A^ C,D \ 
B { £\ B { x' D) . 


2.4.1. The Poisson algebras. Let p : C —> C be a (possibily ramified) covering. 
So ip gives rise to an inclusion of fields <p* : C(C') ■—> C(C). Then p induces 
morphisms p* : (K , )® t ) —> H°(C, K® 1 ) (here K' is the canonical bundle 

of C'), and therefore an algebra morphism 

: A c '> - A c) . (6) 


The maps p* extend to maps between spaces of rational ^-differentials. For any 
f G C(C"), we have in particular d(p*(f')) = p*{df). It follows that for any 
rational differential of on C', we have p*(fS7 a> (a/)) = 'S7 lp *^ a '\p*{uj')). It follows 
that class is a morphism of Poisson algebras. 

Let U = J2 P 'eC' b'piP' be an effective divisor on C", and set 

p l (D') = ^2 {5 <p(p) v p + (1 _ v P ))P, 

P£C 


where vp is the ramification index of / at P G C (it is 1 for all but finitely many 
P). Set D = p~ 1 (D') 1 then D is an effective divisor of C. Then p induces a 
morphism 


P class : 


( 7 ) 


of graded algebras and of Poisson algebras. 


2.4.2. Quantization of the morphisms Class’ Let X' be a rational, nonzero vector 
field on C\ let of = (X 7 ) -1 be the rational differential on C' inverse to X'\ let us 
set a = p*(of) and X = a _1 . So X is a rational, nonzero vector field on C. We 
will now show: 
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Proposition 2.1. There exists a morphism 

* 7-)C",rat tdC, rat 

Tral 1 B X' —■► 

of complete filtered algebras. It induces morphisms 


and 


. r>(C') 

r pseudo ■ .Y' 

* . r>(C',D') 

T pseudo • ,Y' 


B 


0c) 

x 


5 


(C.D) 

X 


of complete filtered algebras, quantizing the morphisms p % aK K . 


Proof. 

(a) Construction of p* at : B x ,’ Tat —■> P^’ rat . The map </?* : (C(C"),AP) —> 
(C(C'), A") is a morphism of differential rings. Indeed, we have, for f e C(C"), 


*(A(/')) 


d{y\n) 

a 


So ip* induces an algebra map 




* / d f \ 

T (—) 
a! 




TDO(^)<0 : T DO(C(C"), A w )< 0 - T DO(C(C), X)< 0 , 
that is an algebra map T DO(^*)<o : P^,’ rat —> B ( fi Tdt . 

(b) p* at (B[?,)) C B x \ Let P G C, and let us set P' = p*(P). Let vp be the 
ramification index of <p at P. Then if Zp, z' P , are local coordinates at P, P', we 
have p*(z' P ,) = A ■ (zp ) up , where A € C[[^p]] x . Then there is a natural morphism 

T DO(/Cp/, z ' P ,)<o —> T DO(/Cp, zp)< o, 


restricting to a morphism T DO(Cfp/, z' p ,)<q —> T DO(Cfp, zp)<o, and such that 
the diagram 

TDO(/Cp,,4>,)<o A T DO(/Cp, z P )< 0 

T T Lp 

t->C' ,rat T-)C,rat 

B X t ~> Ay 

commutes. The Laurent expansion morphisms behave with respect to changes of 
the vector fields according to (]2j) . So we may replace X' by a rational vector field 
Y 1 , without any zero or pole at P'. We denote by Y the corresponding vector 
field on C , and by Yj oca i, Y{ ocaX the formal expansions of Y, Y' at P, P'. 

Now we have a commuting diagram 


<fDO(Kp,,YJ ctl )<„ 

T 

t-)C' , rat 

a x' 


T DO(/Cp, Ljocal) <0 

T 

T^C.rat 

B x 


Since Y^ cal preserves Opt, T DO(/Cpc Tjocai)<o contains a subalgebra T DO(C>p/, Y^ cal )< 0 . 
The assumptions on Y' allow to identify T DO(C>p/, z' p ,)< 0 with*DO(Op.,Yj' cal ) 

<0- 

Let us show that a takes this subalgebra to T DO (Op>, z P ,)< q. 
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The map a takes 0 P i to Op , and it takes ) 1 to {Dy local ) k Now we 

have Y{ ocai = HjA-, where fi G C[[zp,]] x . On the other hand, the local expansion 

p! 

of Y at P has the form 

Y\ oca \ = ti^Zp ) 1 Up ——, 

OZp 

with 7 r G C[[^p]] x . This expansion implies that (.Dy local ) _1 has the form 

^ ' 7T i(Dd/dzp ) \ 
i>l 

where i p G ( z P ) l+Up ~ 2 C[[z P ]], so ( D Ylocai )~ l belongs to T DO (O P ,z P )< 0 . 

Now a takes (Da/a^,) -1 to (-Dy local ) _1 (^*(/i), which belongs to T DO (O p , z P )<g. 
So a takes the generators of T DO((Pp, z P )< o to T DO((9p/, z' p ,)< o, so 

a(T DO((9p, z P )<o) cVDO(O P ',z' P ,)< 0 . 

This implies that tp * takes 

(n l p'T\ n v bDO(^,4o<o) 

P'eC' P'ec 

to 

(n L n\ n fDO(Op,zp)< 0 ), 

PeC PeC 

so C B^\ 

In the same way, one proves that p*(B^, ’ D C B^’ D \ 

This ends the proof of Proposition |2.1| . □ 


3. AN EXPLICIT EXAMPLE: THE RATIONAL CASE 


also hold in the following cases: 
g = 0, deg(D) > 2; and g — 1, deg(D) > 1. In this section, we study the first 
case. 


It is easy to see that the results of Theorem 2.1 


3.1. Presentation of the classical algebra. Let us set C = CP 1 , D = N oo, 
where N > 2. We have then 

A C ’ D > = 9,>oAf’ D \ 

where A[ c,D) = H°(CP 1 , K(D)® 1 ) = {f(z)(dz)\ where f(z) is a polynomial of 
degree < i(N — 2)}. 

Proposition 3.1. Amay be presented as follows: generators arecu a = z a dz, 
a = 0,... , N — 2, and relations are 

for any quadruple (a, b , c, d) such that a + b = c + d. 
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Proof. Let A(N) be the algebra with generators to, ■ ■ ■ , t/v- 2 , and relations 

tafb — t c td, ( 8 ) 


for any quadruple (a, b , c, d ) such that a + b = c + d. Then A(N) is the sum of 
its homogeneous components A(N)i, and relations (|8|) imply that a generating 
family of A(N)i is given by the union of the 

(t 0 ) a (t N _ 2 )^t k , a, (5 >,a + /3 = i - 1, k = 0, ... ,N — 3, (9) 


with t l N _ 2 . 

We have an algebra morphism 

A(N) A {c ’ d \ (10) 


taking each b; to a5*. It takes the generating family (^) to a basis of A\ c,d \ 
which proves as the same time that this family is a basis, and that (|T0| ) is an 
isomorphism. □ 


The Poisson bracket on A <kC,d ^ is given by {u) a ,LJb} = (b — a)z a+b 1 (dz) 3 , so in 
terms of generators 

{uj a , ( b n) 

for any (c, d, e) such that c + d + e = a + b — 1. 


3.2. Quantized algebras B x and B' x . The field of rational functions on CP 1 
is the field of rational fractions C(z). Equip it with its derivation X = d z = 
Then B r f = T DO(C(z), d z )< 0 . 

Lifts in B\ of the uj a are the elements u a = (h^-i)^ 1 , i.e., 

uj a = (d^z 11 , a = 0,... ,7V-2. 

Denote by B' x the subalgebra of B x x generated by the u a . Since the a; a generate 
A ( C ' D \ Bx is the completion of B' x with respect to the topology of B r x . 


Theorem 3.1. For any quadruple ( a,b,c,d ) such that 0 < a,b,c,d < N — 2, 
a + b = c + d and b > d, we have 

^a^b (d 6)(n a Co J 5_^Co J ^. (H) 

Let us define C as the algebra with generators t a , a — 0, ... , N — 2 and relations 

tfib t c td (d bfiatb—d—ltd, 

for a, b, c, d — 0,... , N — 2, such that a + b = c + d and b > d. Let I c be the ideal 
of C generated by the t a , a — 0,... ,N — 2. Set C = linu_ n C/(Ic) n - Then there 
is a unique continuous algebra isomorphism 

C —> B x , 

taking each t a to uj a . This isomorphism induces an algebra isomorphism 


(12) 
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Proof. Let us first prove the relation ([Id]). We have 

L0 a u b = Z a+b (d z + ^) -1 (<9 2 ) -1 , 

Z 

so 

- ujz d = Z a+i ((d z + t) _1 - (0, + ~) -1 ) (0;) -1 

= z“+*(0, + V 1 —(a, + -r'ftr 1 

z z z 

= {d- b)z‘+ b ~\d z + —)-\d z + -yyd,)-' 

z z 

= (d - b)z a (d z )- 1 z b ~ d ~ 1 (d z y 1 z d (d z )~ 1 = (d - b)u a u b _ d _y d . 

We have gr (C) = © n >o(^c) n /(-^c) n+1 - We have a morphism of filtered algebras 
C —> B' x . Moreover, we have gr (B' x ) = gr(Bx) = A^ C,D \ so we get an algebra 
morphism gr(C') —> gr (Bx) = A^ C)D \ 

Select in relations (0), the subset of relations corresponding to (a, b, a + 6, 0) 
for a, b such that a + b < N — 2, and (a, 6, N — 2, a + b — (N — 2)) for a, b such 
that a + b > N — 2. Then this subset of relations implies that a generating family 
of gr n ( B ' x ) is the union of all 

(2io)“(^v-2) /3 ^i, i = 0,... , iV — 3, a + (3 = n - 1, 

with (cnAr_ 2 )*. The morphism gr(C') —>■ A takes it to a basis of kL n , so gr(C') —> 
gr (B x ) is an isomorphism. This implies that the map C —> obtained by com¬ 
pleting C —> is an isomorphism. This fact now implies that C/(n n >o(Ic) n ) —> 

B x is injective. Since it is obviously surjective, this map is an isomorphism. □ 

Remark 2. We do not know whether n n >o(/c , ) n = 0, in other words, whether C 
is separated for the topology defined by the powers of Ic- 

4. Quantization based on Poincare uniformization 

In this section, we assume that C is defined over C, and that we are given 
a Poincare uniformization of C. We denote by 7i the Poincare half-plane, and 
we denote by T a discrete subgroup of SL 2 (M.), such that there is an analytic 
isomorphism 7 -L/Y —> C. 

We will recall the results of 0 in the Rankin-Cohen brackets (Section O) ; we 
will show how they give rise to a solution R an of the problem of quantizing the 
algebra A (Section |4.2| ), and that this solution is isomorphic to the quantization 
B x of Section (Section |4.8| ). For simplicity, we restrict ourselves to the case 
D = 0. 
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4.1. Rankin-Cohen brackets and pseudodifferential operators on Ti : the 
results of Let us denote by Hol(7f) the ring of holomorphic functions on the 
Poincare half-plane and by r the coordinate on this plane. Let us denote by dye 
its derivation d/dr. Consider the algebra T DO(Hol(7f), dyi)< 0 . It is a filtered 
ring, with associated graded 

0 H\n,K «), 

i> 0 

where Kyi is the sheaf of differentials on TL. 

Kyi has a natural section dr, which induces isomorphisms Kff) —> 

Hol(7f). 

The rings T DO(Hol(7f), dn)<o and 0 i>o H°((H, Kff) are equipped with nat¬ 
ural actions of SX 2 (M). The paper || contains the following results: 

Theorem 4.1. (see There exists a lifting map 

lift : ® R°(H, K%) -+ *DO{KoI{H),&h)<o, 

i> 0 

which is SL 2 (jK)-equivariant, and expressed by differential operators acting on 
i-differentials. So the restriction of lift to H°(H, Kff) maps this space to 

TDO(Hol 

and the composed map 

H°{H, Kfi) T DO(Hol(7f), d n )<-i -> DO(Hol(W), d n )<-i/^ DO(Hol(W), a w )<_ i _ 1 
is inverse to the natural isomorphism T DO(Hol(7f), 9 w )<_j/T DO(Hol(7f), —> 

If u G H°(Ti, Kff) has the form u ;(r)(dr)b then lift(o;) has the expression 
liftM = uir^dn)- 1 + Y J kn^ n \r){d H )- i - n , 

n> 0 

where are explicit rational numbers. 

Denote by p the product on 0 i>o H°(7i, Kip) obtained by transporting the 
product of T DO(Hol(7f), 9^)<o by the map lift. Since the product on 

TDO(Hol(ih),a w )< 0 

is expressed by differential operators, p is a SX 2 (M)-invariant star-product on 
0 i>o H°(H, Kff). More precisely, the authors of @ show: 

Theorem 4.2. (see || j Let us denote by p'f the map H°(H, K^f)®H°{Tt, K^f) —■> 

H°((H , K^f + ^ +k ) induced by p, then the pf 3 are the Rankin-Cohen brackets: we 
have 

= 5Z a h, a ,p^ a \ T W {f3) (r)(dTy +j+k , 

a,(3>0 
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for suitable rational numbers ] Q 

This result immediately implies that the Rankin-Cohen brackets are SL 2 (MI)- 
invariant. 

4.2. Construction of B an . Let C be a complex curve, equipped with an iso¬ 
morphism C —> Tt/T of analytic manifolds. This isomorphism induces an isomor¬ 
phism 

A - ® K%)) T 

i> 0 

of graded algebras and of Poisson algebras. 

Theorem 4.3. Set 

B an = (TDO(Hol(iR),a w )) r . 

Then B an is a filtered algebra. Its associated Poisson algebra is isomorphic to A. 

Proof. Let us set ( B an )® = (T DO(Hol(74), dn)<-i) r - This obviously defines a 
grading on B an , and the image of the composed map 

(B an y/(B an ) i+1 ^ TDO(Hol(iR),a w )<_ J /TDO(Hol(iR),5 w )<_,_ 1 %) 

(13) 

is contained in (//°(7d, So we have a natural map 

(R an )7(R an ) i+1 -»■ (H°{H,Kff)) T . (14) 

Since each map of the sequence (|T3|) is injective, so is (0)- It remains to prove 
that (0 is surjective. Denote by lifter the restriction of lift to Kff)) r . 

Then lifter is a linear map 

(H°(H,K® i )) r ^ ^DO(Hol 

According to Theorem [4.1| , the image of lift, p is actually contained in 

(TDO(Hol(7d),d w )<-i) r = (R an )L 

The composed map 

b ^ r (B an y -> (R an )7(R an ) i+1 

is obviously a section of (|L4D, which proves that this map is surjective. □ 

The algebra B an also has a ’’star-product” version. 

Proposition 4.1. The product p, defined in terms of Rankin-Cohen brackets (see 
Theorem M): restricts to a product on 

A = (&(H\H,Kig)) T . 

i> 0 

The restriction of lift induces an isomorphism between (A, p) and B an . 
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4.3. Isomorphism with the construction of Section |2j. 

Proposition 4.2. For any nonzero rational vector field X on C, there is an 
isomorphism 

a x : B x - EX' 

of complete filtered algebras. If Y is another nonzero rational vector field on C, 
then a x = ay o i XY . 


Proof. Let us denote by Mer(7d) the ring of meromorphic functions on H, with 
only regular singularities. Then d-yt extends to a derivation fo Mer(7d) (which we 
also denote by dyf). We set 

T DO(7d)<o r = * DO(Mer(7d), d n )< 0 . 

We will also set 

TDO(Lt)<o = TDO(Hol(Lt),9 w )< 0 . 

Then we have a commuting square of algebras 

(TDO (H)^) r < 

T 

(T DO(7d)< 0 ) r ‘ 


jmer 


-> T DO(7d)^ 

T 

-»• ^ DO(7d)< 0 

where the vertical arrows are injective. We have a natural injection C(C) 
Mer(7d), induced by the projection 71 —> G. Moreover, let X be a nonzero 
rational vector field on C. The lift of X to Ti. may be expressed in the form 
X{j)fri where X(r) G Mer(7d), so Lemma |2.1| implies that there is a canonical 


dr 

morphism 


^mer 


T DO(C(C), X)< 0 -> T DO (H)_ 

Lemma |2. lj also shows that the image of this morphism is contained in (T DO(74)<g r ) 


Recall that we have T DO(C(C), X)< 0 = so we have constructed an algebra 


morphism B r ffi 


(TDO (H)^) . 

We now want to prove that we have a commuting square of algebras 

r 


Drat 

lj x 


^mer 


) J 


• (T DO(74)i 
T T 

B x — (T DO(7d)< 0 ) r 

where the vertical arrows are injective. We proceed as follows: 

(a) for any point P G C, there are natural Laurent expansion morphisms 


L Z P P : (T DO ifH) 
such that the diagram 


mer 

<0 


) —► \l/ DO(/Cp, Zp)<Q, 


T Z P 
^P 


Drat 

B x 


T DO(/Cp, £p)<o 

T L Z P P 

(T DO(7d)<o r ) r 
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commutes. 


by 


(b) (T DO(7i)<o) may be characterized as the preimage of ripec ^ DO (Op, zp) 


[J L Z p : (TDO(Af)^ r ) r - H T DO(/Cp, z P ) 

PeC PeC 

(c) For each P 6 C, the composed maps 


<o- 


B x 



'h DO(/Cp, zp)< o 


and 

B x - Bf - (T DO(7d)<o r ) r ^ * DO(/Cp, z P )< 0 

coincide, so the image of the latter map is contained in T DO((Pp, zp)< o. So the 
image of the composed map 

B x ^Bf^ (d/DO(^ r ) r 


is contained in (T DO(7d)<o) r . So we have constructed a morphism 

Bx -> (*DO(«)<„) r 


(15) 


of hltered algebras. 

(d) Both algebras and (T DO(7d)<o) are complete and separated for their 
hltrations. Their associated graded algebras are isomorphic. Therefore (|T5|) in¬ 
duces an algebra isomorphism. This proves Proposition 4.2. □ 


Remark 3. The authors of [[| actually define a family of star-products, depending 
on a parameter hi. In the language of Section [2-3| . this construction corresponds 
to replacing the algebra B ( ^ D> by the family of algebras B ( ^'' D> ' X , where the 
generalized line bundle A is not, and a is an element of C C such that the class of 
2 a modulo res(C(C) x ) is equal to the canonical bundle K c . 


Remark 4. To be able to use Proposition m one needs to know the group V 
corresponding to a given curve C. This is the case, by definition, if C is a modular 
curve. In this case, a classical problem is to find algebraic equations for this curve. 
This problem is solved using the algebra of modular forms. The corresponding 
’’quantum” problem is to give a presentation of the algebra B x (or equivalently, 
°f , equipped with its Rankin-Cohen star-product structure 
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5. Differential liftings 


The lifting 




i> 0 


constructed in the proof of Theorem |2T| (see step (c) 
estimation of the dimensions of cohomology groups, 
lift of Theorem fO, it is therefore not a local operator. 


of Section [2.2.5| ) relies on 
Contrary to the operation 
We now study the problem 
of constructing such a local, or differential, lifting, in the algebraic framework. 
We will prove that the set Lift diff (C') of such liftings is a torsor under the action 
of a group Autdiff(C). Poincare uniformization yields a point of this torsor. We 
do not know an algebraic way to construct a point of the torsor Lift diff (C'), but 
we study some algebraic structures provided by such a point. 


5.1. Differential liftings. A differential lifting of the isomorphism gr (Bx) —■ ► A 
is defined as the following data: for each rational vector field A", this is a collection 
(A;A)ij>o of rational differential operators A A - : (rational '/’-differentials} —> C(C). 
This collection is subject to the following conditions: 

(1) define Ax : A rat —■> B™ 1 by 

ik = (<Vi)i> o ► A x (u) = A X j(uii)(Dx) 

i,j> 0 

then A x maps A?* to (B T f)\ the composed map A- at ^ (B^Y -> (B r fy/(B% t ) i+1 
is the inverse of the canonical map, and A A (1) = 1; 

(2) for any pair A, Y of nonzero vector fields, we have ixy ° A- Y = A r 

(3) condition (2) implies that for any P & C, A x induces a map 

Ap : C ((zp))(dzpY —» T DO(/Cp, Zp )< 0 . 

i> 0 

Then for any P G C, A x maps 0 i>o < C[[^p]](d^p)* to T DO((Pp, yp)< 0 . 

(If a nonzero vector field Ao is fixed, then for any family (A f°)ij satisfying 
conditions (1), (3) for Ao, condition (2) uniquely determines a differential lifting 
( A ij)*j>o extending (. A x °) itj .) 

Conditions (1), (2) and (3) imply immediately that A A induces a linear map 

p(A x ) : A B\, 

which is a section of the canonical map gr (Bx) —■> A, and therefore induces an 
isomorphism p(A x ) : A —> Bx, where A is the completion 

Let us denote by Lift d ifj(C Y ) the set of all differential lifts on C. For any no n zero 
rational vector held A, the assignment A A i—>■ p(A x ) is a map 

p : Lift d iff(C') ->■ Isom(A, Bx)- 
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We will now see that both sides of this map are principal homogneous spaces 
(torsors) and that p is a morphism of torsors. 

5.2. The group Autdifr(C'). Define A'®- 7 ) as the space of all regular 

differential operators on C , from K 0 * to AT 0 -?. Define DO(A' 0 *, A' 0J )< fc as the 
subspace of all such operators of order < k. Set 

gr fc (DO(A' 0 *, A' 0 - 7 )) = DO(A" 0i , K® j )< k /DO(K®\ K® j )< k _i. 

Then we have a graded linear injection 

®gr t (DO(A'®\/^))^® H°(C, K®i- l - k ). (16) 

fc >0 fc >0 

It follows that when i > j, DO(A" 0 \ K® j ) = 0, and if i = j, DO (AT® 4 , K® j ) = C. 
Define Enddifj(C') as follows 

Endd iff (C) =® DO(K®\K®i), 

where ® is the completed direct sum (direct product). Then composition of 
differential operators induces an algebra structure on Enddiff(C'). Projection of 
the diagonal summands induces an algebra morphism Enddiff(C') —> Hi>o E- The 
preimage of Hi>o ^ Enddiff(C') is a group, which we denote Autdiff(C'). It is easy 
to see that this is a prounipotent algebraic group, as is the subgroup Autdifr,i(C') 
of elements preserving 1. 

Define Aut(A) as the group of all continuous linear automorphisms of A = 

©i>oAj. 

Proposition 5.1. There is a natural group morphism Autdifr,i(C < ) — > Aut(A). 
The map p is a torsor morphism, compatible with this group morphism. 

We have already mentioned that Poincare uniformization provides an element 
of Liftdiff(C). On the other hand, Liftdifr(C) is a purely algebraic object, so one 
would like an algebraic construction of its elements. We will not give such a 
construction, but only indicate that such elements give rise to affine spaces over 
spaces of differential operators (Section |5.3| ). 


5.3. Let us now describe the possible form of a differential lift A. If (3 is a 
rational differential, we may set 


m = 


-i 


in the notation of Section [2.2.4| . In other words, if «o is a nonzero rational 
differential, and A" 0 is the vector field inverse to «o, we have 


m = (d x 0 r7, 


where / = (3/a q. 
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Let now f3 be a rational quadratic differential. Set / = /3/(a o) 2 . The element 

(AyA 2 / + i(Av„)- s .Y„(/) 

of (i? rat ) 2 /(S rat ) 4 is independent on the choice of a 0 - On the other hand, one can 
show that there is no expression P(cx 0 , /) of the form ^ n a r) ,(A 7 " 0 )"(/), such that 
the element 

AC) = (By,)" 2 / + t(DYo)- 3 A' 0 (/) + (Dx 0 )~ i P(a 0) f) 

of (I? rat ) 2 /(i? rat ) 5 is independent on the choice of cxo- So the determination of 
the coefficient P(a o, /) depends on additional data. The space of all possible ex¬ 
pressions P(a 0 , f ) is an affine space, with associated vector space DO(/f® 2 , A' 04 ). 
This structure of affine space may be viewed as a part of the torsor structure of 
Liftdiff. 


Remark 5. On the size ofDO(K' 0n , A' 0m ) The injection (pT|) is not alway surjec¬ 
tive: for example, where n — 1, m — 2, k — 1, the preimage of 1 G H°(C, Oc) is 
the class of all regular connections on K ; but there is no such connection. Indeed, 
a rational connection on K has the form 


a; i—* V" ,A (u/) = ad(uj/a) + Ao/, 

for cx, A rational differentials, a ^ 0. The condition for V“ ,A to be regular is 
that A has poles of order < 1 at each P G C, and if (ex) = J))p GC .npP, then 
resp(A) = —np. Such a A cannot exist, by the residue theorem (which says that 
resp(A) = 0, whereas Y^ P GC np = 2g — 2). 


6. Concluding remarks 


6.1. The elliptic case. When g — 1 and the degree of D is > 0, the above 
construction of the algebra B^’ D ^ may still be carried out. Its classical limit is 
the algebra A^ C,D \ Let us compare them to the elliptic algebras of ||. 

A(°, D ) ma y b e described as follows: A= (Bi>oA[ c,D \ where Af' ,D> = 
H 0 (C,O{D ) 0i ). We view elements of A\ c ’ d) as rational functions on C, with 
divisor > — iD. In particular, the derivation / j-(f) = f can be applied to 

these functions (here z is a uniformizing parameter of C). The algebra structure 
of A( C,D ' > is graded and induced by the product of rational functions. Its Poisson 
bracket is defined as follows: it is homogeneous of degree 1, and if / G A\ C,d \ 
g G A^’ d \ then {f,g} G A'+)+i corresponds to 

i(f9)(z)-j(fg')(z). (17) 

It turns out that for any integer d > 0, one can define a Poisson structure on the 
algebra A^ C,D \ by requiring that it is homogeneous of degree d, and for / G A 
g G A^' D \ {f,g} G ^1 corresponds to (|T7| ). The structure studied in this 
paper corresponds to d — 1, and the structure of || corresponds to d — 0. 



26 


B. ENRIQUEZ AND A. ODESSKII 


As we have said, the quantization of the first structure may be done in terms 
of pseudodifferential operators. The quantization A FO of the second structure 
was achieved in JjJ. It can be expressed in terms of difference operators: if 
a = e a U/ d ~) is a translation of C, elements of (A F o) n are operators of the form 
fe na(d/dz) ^ w } iere f [s a section of 0(D + cr(D) + • • • + a n ~ 1 (D)). A F o is then a 
graded algebra. 

We do not know a quantization of the Poisson algebras corresponding to other 
values of d. 

6.2. Higher-dimensional Poisson structures. Let us set Ai = H°(C,K), 
then we have a map 

5 *(" 4 1 ) A = © H°(C,K & ). (18) 

i> 0 

When g = 3,4, 5, one can define a Poisson structure on the algebra S*(Ai), such 
that (U) is Poisson. In that case, the quantization of S^Ai) and of the morphism 
(P~8|) is not known. 

In the other cases, a Poisson structure on S'*(Ax), such that (|1^) is Poisson, 
is not known. One 2-dimensional symplectic leaf of such a Poisson structure 
would be given by the dual to the map (|TE|), so it would be isomorphic to the 
cone Con e(C,D). One could try to construct geometrically higher dimensional 
symplectic leaves of this Poisson structure by first understanding their geometric 
interpretation when g — 3,4, 5. 

6.3. Relation with Kontsevich quantization. When g = 3,4,5, one may 
apply Kontsevich quantization to the algebras 5*(Ax). Under this quantization, 
the Poisson central elements Q i,... ,Q g ~i are deformed to central elements. So 
factoring them out gives rise to a quantization S'(Ai) h —> A h of the map (|T8|). It 
is natural to expect that An and B\ are isomorphic. 

6.4. Relation with the Beauville hamiltonians. In ||, Beauvillc introduced 
integrable systems on symmetric powers of K 3 surfaces. An analogous construc¬ 
tion is the following. Let k be an integer, (C, D) be the pair of a curve and an 
effective divisor, and uq,... , uq be elements of A^' D \ Set 

A( fc ) = ((AK ,,D )) 0fc ) <3fc . 

Then A ^ is a Poisson algebra. For 0 e A^ C ' D \ denote by 0W p e image of 0 in 
the zth copy of (A( c ’ D ))® fc . Denote by 0o ; • • • , V’fc ^ ie minors of the matrix 

... i\ 

VP P 1 v 
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Set Hi = ipi/ip o, for i — 1,... ,k. Then the Hi are a Poisson-commuting family 
of elements of Frac(A( fe )). It would be interesting to study the quantization of 
this family using the algebras of pseudodifferential operators introduced here. 
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